Classical communication and non-classical fidelity of quantum teleportation 
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In quantum teleportation, the role of entanglement has been much discussed. It is known that 
entanglement is necessary for achieving non-classical teleportation fidelity. Here we focus on the 
amount of classical communication that is necessary to obtain non-classical fidelity in teleportation. 
We quantify the amount of classical communication that is sufficient for two one-bit and one two-bits 
noisy classical channels for non-classical fidelity and we also find the necessary amount of classical 
communication for isotropic transformation. 
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I. INTRODUCTION 



Quantum information theory, the generalization of 
classical information theory governing by the rules of 
quantum mechanics has been a subject of much recent 
interest. It is now known that various interesting phe- 
nomena including teleportation [J-Q and dense coding 
[H can occur when the laws of quantum mechanics are 
invoked in information processing. It was customary to 
ignore the classical communication cost in quantum in- 
formation processing. The motivation was that classical 
communication is free whereas quantum communication 
and entanglement are expensive. However, as empha- 
sized in in applications such as dense coding, classical 
communication cost is of primary interest. 
Teleportation is an interesting quantum information pro- 
cess, where an unknown quantum state can be trans- 
ferred between two spatially separated parties. Bennett 
et al. [l[ have shown that this seemingly impossible task 
can be done in quantum mechanical framework, which is 
known as quantum teleportation. With the help of two 
different kinds of resources; 2-cbits of classical communi- 
cation and 1-ebit entanglement, the unknown qubit state 
\4>) can be transferred from Alice to Bob with perfect ac- 
curacy. If degree of entanglement is weakened then how 
the teleportation fidelity behaves is discussed in litera- 
ture @, 0] ■ We also know that 2-cbits of communication 
is necessary for exact teleportation. 
If any of the resources (i.e. classical communication as 
well as quantum correlation) are not used then the tele- 
portation fidelity is h. If only classical communication 
is allowed between Alice and Bob then they can raise 
the fidelity up to | and this value is optimal pi-lioj. 
This value is sometime called classical fidelity of tele- 
portation process. If in any teleportation scheme the 
value of the teleportation fidelity is greater than | we say 
the teleportation process is non-classical or quantum, in 
other words some quantum correlation must have been 
used in the process. When 2-classical bits and 1-ebit 



is used in teleportation protocol the value of teleporta- 
tion fidelity 1 reflects the complete accuracy of the pro- 
cess. If the degree of entanglement used in the telepor- 
tation process be weakened in the form of Werner state 
W a = a \ip sm 9 let )(ifj sm 9iet\ + (i _ a) 1 - <g, |, then telepor- 
tation fidelity (say f) takes the value / = [6], from 
which we infer that to achieve the non-classical fidelity 
the Werner state has to be necessarily entangled. Inter- 
estingly it has been shown that any two qubits entangled 
state is good for non-classical teleportation . 
In this paper we pose the following question; what is the 
necessary amount of classical communication so that tele- 
portation fidelity is non-classical without any restriction 
on shared entanglement? We have studied two cases; in 
one case we have considered two single-bit noisy classi- 
cal channels and in other case we have considered one 
two-bits noisy classical channel. We have shown that in 
the first case (0.255 + e)-bits classical communication ( 
with e > ) is sufficient to make the teleportation fi- 
delity non-classical. In the second case, (0.208 + e)-bits 
classical communication is sufficient. We also argue that 
(0.208 + e)-bits classical communication is necessary if 
the quantum state transforms isotropically in the tele- 
portation. 



II. TELEPORTATION PROTOCOL USING TWO 
1-BIT NOISY CLASSICAL CHANNELS 

Suppose Alice has to teleport an unknown qubit state 
|(/>i) = a|0i) + b\\\) to Bob. They have a shared singlet 
pair ^23) = l° 2l3 ^ l2 ° 3 ) i- e - tne y are a U° we d to share 



1-ebit entanglement as teleportation resource, and they 
have two noisy channel C v and Cs- The noisy classical 
channel C z (z = rj, S) is characterized by the conditional 
probability :- 



p(a\a) - 
p(a\a) = 1 



(1) 
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where a is Alice's input bit and a G {0, 1}; a denote 
complement bit of a. The value of z lies between i and 
1. The amount of classical communication is quantified 
[l2l [l3j as mutual information between Alice's input and 
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Bob's output, which is in this case 



probability :- 



C z :=l- H(z) 



(2) 



where H(z) be the Shannon entropy. 

The teleportation protocol goes as standard teleporta- 
tion protocol [l| : Alice first performs measurement on 
the joint system of unknown qubit and her part of the 
entangled pair in Bell basis Qip*), 1^)), Where 



|01> =b |10> 
V2 



± |00)±|11) 



V2 



(3) 



After the measurement Alice sends the results to Bob by 
using the two noisy classical channel. Bob, after receiv- 
ing the classical bits, performs the unitary operation as 
required for perfect teleportation. This will result the 
following density matrix for Bob's qubit; 



5)a z ga z 
+ (1 



h<S(l- 

v)0- 



r])a x Qa x 

5)<TyQ<Jy 



(4) 



The measure of success is given by the quantity 
(c))i\g'\<px). The average of this quantity over all possi- 
ble states gives us the fidelity of the teleportation pro- 
cess [6]. For a qubit system the density matrix g can 
be written as ^(1 + n.a) where n(= (n x ,n y ,n z ) — 
(sinOcosc/), sinOsincj), cosO)) is unit vector on Poincare 
sphere. Therefore the fidelity of the teleportation pro- 
cess is the following; 



/ = (Tr[g(r]6g + 77(1 



S)cr z ga z + 5(1 - ri)a x ga x + 
(1 - r/)(l - 5)a y ga y )\) 



P{ab\ab) = Pl 
P(ab\ab) = p 2 
P(ab\ab)=p 3 
P(ab\ab) = p± 



(6) 



where ab etc. are Alice's two inputs and take values from 
the set {00,01,10,11} and Pi > for i = 1,2,3,4 and 
^iPi — 1- The amount of classical communication can be 
quantified as mutual information between Alice's input 
variables X and Bob's outputs variables Y 



I{X : Y) = H(X) + H(Y) - H(X, Y) 
= 2 + s Li Pi l °g(Pi) 



(7) 



From the definition it is clear that at the two extreme 
cases, (i) one of pi = 1 and (ii) all pi's are equal, we have 
amount of communication 2 bit and bit respectively. 
If Alice and Bob follows the same teleportaion protocol 
as before, using the 2-bit noisy classical channel, the re- 
sulting density matrix for Bob's qubit is as follows; 

g' =pig + P2<?xgVx +Pz<7 z g<J z +p±o y go y (8) 

The teleportation fidelity in this case becomes, 

/ = (Tr[g(p 1 g + p 2 a x ga x +p 3 a z g(7 z +p 4: a y ga y )}) 
1 



Pi + g(P2 +P3 +P4) 

l + 2 Pl 



(9) 



1 + 2rj6 



(5) 



In the process of teleportation process described above, 
the total classical communication used amounts to sum of 
the capacity (mutual information) of the two independent 
noisy classical channel i.e. [2 — ^(77) — H(8)]-bits. The 
fidelity of the teleportation will go beyond the classical 
limit (i.e.f > |) if we have r/5 > \. With the restriction 
i]5 > i on the parameter r\ and 5, the minimum of the 
classical cost is found when r\ = 5 — The optimal 
communication has been found to be [2 — H (rj) — H (8)\ « 
0.255-bits. Thus we can say that (0.255 + e)-bits classical 
communication with e > 0, is sufficient for achieving non- 
classical fidelity in the teleportation process when two 
independent noisy classical channels have been used. 



III. TELEPORTATION PROTOCOL USING 
ONE 2-BIT NOISY CLASSICAL CHANNEL 

Let Alice and Bob are sharing a 2-bit noisy classical 
channel which is characterized by following conditional 



The amount of classical bits used in this process is 

C = I(X :Y) = 2 + Zt =lPl log(p 2 ) (10) 

From Eqn.(9) it is clear that we will get non classical 
fidelity ( i.e. / > |) if we have p\ > \. With this 
restriction on p\ we want to find the minimum amount 
of classical communication C. From the expression of C 
it can be shown that the minimum will be achieved when 
P2 = P3 = Pi- Thus we have :- 

C=2 + Pl logp 1 + {l- Pl )log{^p-) (11) 



In the range 5 < p\ < 1, C is a monotonic increasing 
function of p\ and the value of C at pi = \ is Ci w 0.208. 
Therefore we can say that (0.208 + e)-bits classical com- 
munication (e > 0) is sufficient to get non classical tele- 
portation fidelity. 

Now it is interesting to note that we are getting the opti- 
mal value of classical cost when pi—Pz— Pi and in this 
case the final density matrix is given by |[l+(2/— l)n.a], 
where / = 2pi 3 +1 ; which means that the optimality is 
achieved when the state transform isotropically. 
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IV. (0.208 + e) BITS ARE NECESSARY FOR 
QUANTUM FIDELITY WHERE STATE 
TRANSFORMS ISOTROPICALLY 

Now we will show that 0.208- bits classical communica- 
tion is necessary to obtain non classical fidelity of the tele- 
portation process which transform the state isotropically. 
To prove this, we assume there is a teleportation process 
which transform the state isotropically but at the same 
time attain non-classical fidelity by using (0.208 — e)-bits 
of classical communications. Let Alice and Bob share a 
singlet state and Alice in order to send two bits of clas- 
sical information, applies the unitary transformation ac- 
cordingly as is done in the standard dense coding protocol 
Then Alice teleport the qubit to Bob by the tele- 
portation channel with non-classical fidelity which use 
(0.208 — e)-bits of classical communications and trans- 
form the state isotropically. 

Depending on the Alice's classical bits, the possible two 
qubits density matrix on Bob's side are as follows:- 

* = ^l + *^*«|lTW>, (12) 

where i = 0,x,y,z and <jq = 1. The amount of classical 
bits that can be extracted [H], EH from this ensemble is 
bounded by the Holevo quantity x [3 which in this case, 
is given by 

X = 2+p 1 logp 1 + (l-p 1 )log(^^) (13) 



and x is (0.208+e) for non-classical fidelity. Interestingly, 
this bound can be achieved by making measurement on 
two qubits in the Bell basis and extracts classical infor- 
mation as is done in super dense coding Q . But this im- 
plies that by communicating (0.208 — e)-bits information, 
one can generate (0.208 + e)-bits, which violates causality 
principle. This proves that (0.208 + e) bits are necessary 
for teleportation which is isotropic and achieves quantum 
fidelity. 



V. DISCUSSION 

The optimal amount of classical communication that is 
necessary for achieving non-classical fidelity in quantum 
teleportation still remains an open problem. We only 
provide sufficient amount in two cases. It is interesting 
that with further restriction on state transformation, we 
find the necessary amount of classical communication to 
reach quantum fidelity. 

Acknowledgment 

We like to thank G.Kar for many simulating discussion 
and giving suggestions regarding the use of two-bits noisy 
classical channel. We also like to acknowledge S.Ghosh, 
S.Bandyopadhyay, S.Kunkri, A.Rai and S.Das for many 
helpful discussions. 



[1] C. H. Bennett et al., Phys. Rev. Lett. 70, 1895 (1993). 

[2] M. Riebe et al., Nature 429, 734-737 (17 June 2004) 

[3] A. Furusawa, Science, Vol. 282 no. 5389 pp. 706-709 

(1998) . 

[4] C. H. Bennett and S. J. Wiesner, Phys. Rev. Lett. 69,2881 
(1992). 

[5] H.-K. Lo and S. Popescu, Phys. Rev. Lett. 83, 
1459(1999). 

[6] S. Popescu, Phys. Rev. Lett. 72, 797 (1994). 

[7] M. Horodecki et al., Phys. Rev. A 60,1888 (1999). 

[8] T. Mor, P. Horodecki, arXiv:quant-ph, 9906039(vl) 

(1999) . 

[9] L. Henderson et al.,Phys. Rev. A, 61, 062306 (2000). 
[10] S. Massar and S. Popescu, Phys. Rev. Lett. 74, 1259 



(1995). 

[11] F.Verstraete and H.Verschelde, Phys. Rev. 
Lett.90,097901(2003). 

[12] G. Kar, J. Phys. A: Math. Theor. 44 (2011) 152002. 

[13] M.J.W. Hall, Phys. Rev. A , 84, 022102 (2011). 

[14] Mark M. Wilde, "From Classical to Quantum Shannon 
Theory" , larXiv: 1106. 14451 

[15] A.Nielsen and I. L.Chuang, Quantum Computation and 
Quantum Information. 

[16] Alexander S. Holevo. Bounds for the quantity of informa- 
tion transmitted by a quantum communication channel. 
Problems of Information Transmission, 9:177-183, 1973. 



